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Diffuse Scattering in Electron Diffraction Patterns. II. Short-Range Order Scattering

By J.M. CowLEY AND R.J. MURRAY
School of Physics, University of Melbourne, Parkville N.2, Victoria, Australia

(Received 1 August 1967)

The general method of computing the intensities of diffuse scattering in electron diffraction patterns,
outlined by Cowley & Pogany in Part I, has been applied to the case of diffuse scattering given by
the short-range ordering in binary solid solutions. If the diffuse scattering from individual crystal slices,
of thickness greater than the effective range of ordering, can be assumed to be kinematical, the total
diffuse scattering can be expressed in terms of the usual short-range order parameters, as, and ‘dynamical
factors’. When the diffuse scattering from a slice cannot be assumed to be kinematical, as in the case of
copper—gold alloys, a new type of order parameter, involving some higher-order correlations, must be
introduced. Expressions are derived for the absorption coefficients which must be applied to the Bragg
reflexions. The intensity of diffuse scattering from a single slice of crystal is calculated for a simple
domain model of short-range order to evaluate the order of magnitude of departures from kinematical
scattering and the possible sensitivity of the diffuse intensity to higher-order correlations. The methods
are outlined by which diffuse intensity could be calculated for the whole crystal by a modification
of the n-beam dynamical multi-slice procedure and a procedure for the approximate calculation of

multiple-diffuse scattering is suggested.

Introduction

The first paper of this series (Cowley & Pogany, 1968),
hereafter referred to as I, contained a general account
of the theory and computational methods for the cal-
culation of diffuse scattering in electron diffraction pat-
terns using n-beam dynamical theory. In the present
paper we take up the case of the diffuse scattering due
to short-range ordering of atoms in a crystal, such as
is given by binary alloy solid solutions in the tempera-
ture range above the critical temperature at which long-
range order disappears. Previously it was assumed that
for such alloys the range over which there is appre-
ciable correlation of atomic positions is only a few unit
cells. Recently evidence has accumulated that in many
cases, for temperatures not too much greater than the
critical temperature, there may be some degree of cor-
relation over distances of 30 or 40 A or more (see, for
example, Watanabe & Fisher, 1965). However if we
confine our attention to systems where this does not
occur, or make the assumption, as a first approxima-
tion, that these relatively long-range correlations are
small compared with correlations between near neigh-
bours, we can assume that the correlation range to be
considered is of about the same magnitude as the thick-
ness of slice which may be used in n-beam calculations
without introducing appreciable error. Under these
circumstances it is a reasonable assumption that for
computational purposes the crystal may be divided into
slices between which no correlation exists in the devia-
tions from the average lattice. Then, as pointed out
in part I, the total diffuse intensity can be expressed
as the sum of the intensities of diffuse scattering orig-
inating in each of the slices considered separately, and
‘dynamical factors’ may be used.
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It was suggested in part I that in the case that the
diffuse scattering from an individual slice cannot be
closely approximated by kinematical scattering theory,
the usual short-range order parameters used in, and
derivable from, X-ray diffraction observations may not
be sufficient to define the diffuse scattering observed.
It is then necessary to introduce higher-order correla-
tion coefficients in order to calculate intensities, and,
correspondingly, from the observed intensities it may
be possible to derive some information beyond that
which may be deduced from kinematical scattering ex-
periments. The purpose of this paper will be, in part,
to provide a basis for the exploration of these possi-
bilities.

Our arguments will be phrased in terms of the slice
method of n-beam calculations (Goodman & Moodie,
1965) but it is clear that they will apply equally well
if matrix methods such as described by Fisher (1968)
are used to treat the n-beam interactions, and the rea-
sonable assumption is made that the diffuse scattering
from any infinitesimally thick crystal layer may be taken
to be the same as for a slice of thickness exceeding
the range of correlation of atomic positions.

Kinematical diffuse scattering by slices

Kinematically, the distribution of diffuse scattering
power in reciprocal space, for a binary AB alloy with
fractions ma and msp of A and B atoms, is given by

IAF'(U)|2=MmAmBlfA-—fBlle Gimn €Xp {27iu . 14},

where M is the total number of atoms, the vectors r;
denote the interatomic vectors and the oymn are the
Warren short-range order parameters (Cowley, 1950)
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defined in terms of the probability Pas,: that a B atom
should be separated from an A atom by the vector r;
(coordinates /a,mb,nc); thus

Pug,i=ms(l —oima) . )

When we deal with the projection of a thin slice of a
crystal, the distribution of scattering power for the cor-
responding section of reciprocal space is

|[4F'(u)|2=Mmamp X X (X aymn) exp {2ni(ul+mv)},
! m =n
)

where u,v, w are the coordinates in reciprocal space.

In setting up n-beam dynamical calculations, we
must consider the scattering from each slice in terms
of the phase-grating approximation. The transmission
function for the slice is

exp {iop(xy)} = exp {iolpo(xy) + dp(x)]} ,
where go(xy) is periodic, being the projection of the
average potential distribution, and ¢ =2nmel/h?. Fou-
rier transformation of this gives

F(uv)=F exp {iopo(xy)}»F exp {iocdp(xy)} .

If the deviations from the average projection are small
we may expand the corresponding exponential and
write

Fu)=F(u)+4F(u)
=% exp {iopo(xy)}*[6(uv) +idF'(uv)— .. .]
~ Fo(u) + Fo(u)xid F'(u) , 3

where here, as in what follows, the vector u is redefined
to refer to the two-dimensional section of reciprocal
space (coordinates u,v) involved with n-beam calcula-
tions.

F(u) is the Fourier transform of the averaged value
of exp {iop(xy)} and so represents the contributions of
the slice to the amplitudes of the sharp ‘Bragg’ reflex-
ions. It may be equated to Fy(u)=% exp {iocpy(x,»)}
if the higher-order (absorption) terms in the expansion
of F exp {icdp} are neglected. The term AF(u)~
Fo(u)xidF'(u) represents the diffuse scattering.

It was shown in part I that, assuming the kinematical
approximation for such a case of diffuse scattering, the
total diffuse scattering for the whole crystal may be
expressed in the form

I5p(w)=N|4F'(u)]2. D(u), @

where |4F'(u)|2is given by (2) and D(u) is the dynamical
factor which may be calculated for each set of coor-
dinates u=h+v, for the set of reciprocal lattice vectors
h, where v is a vector in the first Brillouin zone. This
holds if the deviation from the average lattice can be
expressed in the form dp=Adpe* X cnd(r—a,) where

n
the ¢, are real numbers. In the present case we put
Apo equal to (pa—g¢s) and ¢, = + 1 so that to calculate
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D(u) we insert (fa —fB) as a diffuse scattering amplitude
into the n-beam dynamical diffuse scattering calcula-
tions, performed either by the slice method or by the
matrix method. This dynamical factor has been calcu-
lated by Fisher (1965), using matrix methods, for sev-
eral points in reciprocal space for copper—gold alloys.

Once this dynamical factor has been calculated for
a given system, the kinematical intensity function
|4F’(u)[2 can be derived, and the short-range order co-
efficients contained in equation (2) can therefore be
deduced by a Fourier transform operation.

Phase grating approximation for diffuse scattering

In the projection of the potential of a slice which may
be several unit cells in thickness, the deviations from
the average value of projected potential may be several
times (pa—gn). In the case of copper-gold alloys, for
example, these deviations may represent several times
the scattering potential of a moderately heavy atom:.
Hence the assumption made in equation (3), that
odp(xy)<1, may not be a good approximation and
consequently there may be appreciable deviations from
the predictions based on kinematical diffuse scattering.

The deviations from kinematical conditions will be
greatest when the electron beam is close to a principle
axis of the crystal. Then the projection, g(xy), will con-
sist of a number of clearly defined peaks of projected
potential. The validity of the kinematical formula (2)
depends on the assumption of a linear relationship be-
tween the heights of these peaks and their scattering
factors. Since in the phase grating approximation the
scattering factors are given by

FLexp {iopp(xy)}—1], ®)

the relationship is not linear unless the projected po-
tentials of the peaks, p4(xy), are very small. We must
therefore reformulate the scattering function in terms
of the complex scattering factors (5).

Consider an AB alloy with N layers of atoms per
slice. The projection of the slice in the direction near
to that of a principal axis will contain potential peaks
of (N+1) different kinds, namely,

Noa, (N—1Dpa+9¢s, (N—2)pa+2¢8, ...,
pa+(N—1Dgs and Ngs.
If we make the assumption that there is no appreciable

overlapping of the projected peaks, the scattering fac-
tors associated with these peaks are

Su=F exp {iclnpa+(N—n)pz]}—1]. (6)

Then the total scattering amplitude of the layer is given
by
Fu)=0w)+ X Z fn exp {2niu . ru},
in

where the vectors ry; (components x;, y;,0) specify the
positions of peaks with scattering factors f». We can
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then calculate the intensity of diffuse scattering which
would be given by an isolated slice as

Iw)= 2 X X X fuf exp {2nin . (Cnt—Tmp)} -
i jnm
Let Pum: be the probability that a peak with scattering
factor f,, should be at a position given by vector ry
from a f, peak, so that rn;—rmsj=r;, and let M, be
the fraction of fp-type peaks, where the total number
of peaks is P.
Then

I(w)=P X 3 X MufuofnPumi exp {2niu . re}.

n m 1

We then introduce order parameters ynm¢ defined by
the relation

Pyms =Mm(1 +7nmi/Man) (8)

and (7) becomes
Iw)=P X X MaMmnfufy 2 exp {2niu. r:}
+P X2 X fuf ;2 yumi €xp {2miu . ri}. ©)

In this expression the first term is independent of the
order parameters ynmi and represents the sharp, Bragg
reflexions due to the average, periodic part of the ex-
ponential of the projected potential. This term is not,
however, independent of the state of order, as in the
kinematical case, since the relative proportions M, of
the different types of peaks will depend on the state
of order and the relation between the complex fz is
not linear.

The second term gives the diffuse scattering. This
may be compared with equation (2). The following
relationships between the parameters involved may be
readily derived:

M= NP
ma= Z p Mp,
p=1
and 2 mn= —
. mn= pr MATD qP q . Vgt -

The last equation follows from the relationship be-
tween probabilities of atom pairs and probabilities of
column pairs,

Nma Z Paaimn= 22 p.q. PpgMyp .
n p q

Hence values for the o parameters can be deduced from
the y values. But the reverse is not the case. For ex-
ample, given a line of n A atoms and (N—n) B atoms,
we can derive from a knowledge of aymy values the
average number of A atoms in a neighbouring line but
not the probability that a given number, m, of A atoms
will occur in the second line. The parameters aimns de-
scribe only pair-wise correlations of atomic site occu-
pancies. The parameters M, and yzm: depend on the

A C24A - 1*

331

correlations of occupancies of three or more atomic
sites and so may be referred to as higher-order corre-
lation coefficients, although not perhaps belonging to
the most general class of such coefficients which could
be defined.

For a layer of thickness N atoms there will be a
maximum of (N+ 1)? parameters ynms for each vector
r;. These will not all be independent. From elementary
considerations it is possible to deduce relations be-
tween them: for example

(@) Ynmi=7Ymns since MuPpmt=MmnPmni .
(b) Z yami= Z ymn=0 since Z Ppmi=1.
m m m

() 2 Ynmi =0 since )J Pumi=PMy, .

) For Zero order
Yano=Mn— M

Yumo= —MuMp, except that

Absorption coefficients for Bragg reflexions

From the first part of the expression (9) which gives

the intensities of sharp, Bragg reflexions, we see that

the intensity for the A,k reflexion can be written
Ink/P=F(hk) . F*(hk) ,

where

(10)

In order to express this in terms of an absorption co-
efficient, as normally defined, we define a complex ‘po-
tential’ such that

F(u)=% exp {i[ogor)+ix(nl} ,
i.e. the kinematic structure factor is replaczd by
F'(0) =F {apo(r) + ix (1)} = F,(w)+ iF; () .
Putting @o(r) equal to the average structure,

F(hk)= Z Mafu(hk) .

(1D

@o(r) = Nmaga(r) + Mmpes(r) ,
we have

Fu=Z] Z My exp {ioN(mapa+mpys)} .
exp {io(n—Nma) (pa—95)}l,
and substituting pg=¢a—¢p and p=n-—Nma,
F(u)=Z[ exp {iopo(r)} T M » exp {ioppa}] . (12)

p=—Nmy
The summation may be written
Nmp
Z My[l+ioppa—3(opa)p>—...]1.
p=~Nmy
For the first term X Mp=1 by definition. In the
p
second term X Mpp=0 since the summation from

b
— Nma to 0 represents the number of A atoms in defect
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of the average and the summation 0 to Nmg represents
the number of A atoms in excess of the average. Hence
(12) becomes

F(u)=F[ exp {iopo(r)} .

Nmp 1 Nmp
(1-%(opay> 2 Mpp*>— - (0pa)® X
p=—Nmy 3! p=—Nmy
My .p+...)].

For the series in the bracket [. . .] we make the approx-
imation [l —x;—x;... ]~ exp(—x) exp(—x2) ...
Then

Fu)~Z[exp (i{opsr)— gl'— (opa)? pZ My . p3}

—{}(opa)? pE Myp.p?Hl. (13)

Hence the real, average potential is modified by the
addition of third and higher odd-order terms, while an
imaginary part is added consisting of second and higher
even-order terms. For most cases of interest it will
probably be sufficient to add only the second order
imaginary term

Nmp
xr)=%(opa)* X Mp.p?,

p=—Nmy

or to modify the structure factor by the addition of
. ig?
iFi@)= - [(a—fe)(/a=/o)] Z Mp . p*. (14)
p

The modification 4F,(u) of the real part of the struc-
ture factor will come mostly from the Fourier trans-
form of the third-order term, y;(r).

Calculation of these absorption terms for any specific
case requires a knowledge of the M, values. As pre-
viously indicated, these cannot be derived from the
short-range order coefficients or from any existing
theory of ordering. The only approach which appears
possible at the moment is to derive the values for the
M, appropriate to a postulated model of atomic ar-
rangement. To serve as examples for the derivation of
M, values and to provide estimates of the order of
magnitude of the absorption effects to be expected,
three limiting cases will be considered.

(a) Zero short-range order

For a completely random arrangement of A and B
atoms, if we consider a row of N atoms in the beam
direction, the probability of » A atoms and N—»n B
atoms will be given by

— C'Nyh jyN—n
My=Cm"mY

if n varies from 0 to N; then
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Nmp N
Z M,.pr= OC,’,‘"(n—NmA)Z .mtmyn
n=

p=—Nmgy

N
= X CVnmmy~"[n(n—N)
n=0

— Nma(n— Nma)+ Nnmp]= Nmams .

Similarly
Nmp
X My .p>=Nmamp(mp—ma).
p=—Nmy
Thus

FiW)= 5 [fa—for(fa—follNmams . (15)

It follows that, as might be expected in the absence
of correlation, the absorption factor for N layers of
atoms is N times that for a single layer of atoms, for
whieh £a0)=3mams(opa?

This is the same result as is obtained directly from the
considerations of part I. There it was shown that the
absorption factor could be written as y (r) =$02{dp%(r)),
where dg(r) is the deviation from the average potential.
Since 4p?=m% (pa—pB)* when there is an A atom, i.e.
with relative probability ma, and dg2=m?2(pa— pB)?
when there is a B atom, we get 162(4¢?) =1a2mamsy3,
as before.

(b) Perfect order within a slice

We assume that perfect ordering exists within a slice,
but there is no correlation between slices. This assump-
tion corresponds to the case of a random sequence of
out-of-phase domains, with perfect ordering within
each domain.

For some particular directions of the incident beam,
a fraction ma of the projected peaks will correspond
to N A atoms, and a fraction mp will correspond to
N B atoms. This case represents the most extreme de-
viation from the average projection for the zero short-
range order case.

Then
z My . p? =mB(NmA)2 + ma(Nmg)?
»
=N2mamp,
and 22(D)=N2mams . 306202 .

Thus, for these beam directions, the absorption term
is greater than that for complete disorder, given by (15),
by a factor N. It may be noted that for this case the
higher-order terms will not be negligible unless Nogpq
is small since, for example,

Z My . p’=N3mame(me—ma),
P

2 My . p*=N*mpamp(l —3mams) .
p

(¢) Perfect order in domains within a slice

Detailed considerations and calculations for specific
cases have indicated that, irrespective of the choice of
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slice thickness (N atoms in a column) the presence of
ordered domains with R atoms in a column (R<N)
will lead to

2 Myp?=NRmams ,

p

2 Mpp3=NR2msmp(me—ma) .
p

These relations are exact for N divisible by R and very
nearly correct for any R< N or for R an average value
for variable domain size. The absorption functions to
be applied in multislice calculations are then

1 (@) =3 Rmampo?{4¢X(r))

for a single layer of atoms. This result is independent
of the slice thickness chosen and also of any considera-
tion of the coincidence, or otherwise, of slice and do-
main boundaries.

The form and order of magnitude of the second and
third order terms of (13) have been determined for the
case of copper—gold alloys of A;B composition by per-
forming the self convolutions of the function (fa—/B).
The atomic scattering curves were modified by a tem-
perature factor of B=0-7 A2 assumed to be appropriate
to a temperature of about 200°C. The results are shown
in Fig.1. The imaginary part of the scattering factor,
given by the second order term is seen to fall off more
slowly than the real part with scattering angle. The
fall-off is comparable with that of the imaginary part
due to thermal motion of the atoms (Hall & Hirsch,
1965).

Also the magnitude of the absorption term is of the
same order as for that due to thermal motion. Thus

Column Scattering Factors

AF, (x40)

0 . 04 06 .
? o

Fig.1. The values of the average peak scattering factor for
a column of 6 atoms calculated (a) kinematically, i.e.
Sitn=6(3fau+%fcu), and (b) dynamically, i.e. fayn=|F(u)|=
|3fo+1f3]. Also shown are the second and third order
absorption terms Fy(u) and 4F-(u) (both scaled x40) for a
CuAu; crystal assumed to have a domain size of 3 unit cells.
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for the (111) reflexion, Fi(h)/Fr(h)=0-04, per layer of
atoms, for perfect order within layers for which the
domain size R=3. This value may be compared with
those due to thermal motion, namely 0-124 for gold
and 0-045 for copper at 300°K (Hall & Hirsch, 1965;
P.S.Turner, private communication). The third-order
term modifying Fy(h) was also calculated for the case
of ordered domains with R=3. The value was found
to be relatively small; approximately 0-003 of Fy(h).
Thus the differences in the absorption coefficients
which result from assuming different models for the
state of short-range order are of such a magnitude that
they should lead to experimentally observable intensity
differences, given suitable specimens of copper-gold
alloys. These conclusions will be tested by further cal-
culation and by experimental observations, when pos-
sible.

Diffuse intensity from a single slice

It was shown in part I that the intensity for diffuse
scattering from the whole crystal could be expressed
in terms of amplitudes calculated for single slices if,
as in the case under consideration, the correlation in
the deviations from the average lattice does not extend
over greater distances than the slice thickness. The
actual calculation of the diffuse scattering for the whole
crystal involves the extension to the dynamical factor
concept which was outlined in part I and will be treated
in more detail in a later section. However it seems
likely that the diffuse scattering intensity for the whole
crystal will differ appreciably from that calculated for
kinematical diffuse scattering from each slice, only if
the intensity calculated for the diffuse scattering from
a slice considered separately, as in equation (9), is ap-
preciably different from the kinematical value. Hence,
in order to evaluate the likely magnitude of the effects
on diffuse scattering of deviations from kinematical
scattering without the extreme labour of whole-crystal
calculations, equation (9) was used to calculate the dif-
fuse scattering intensity given by a single slice contain-
ing a high degree of local order in the form of idealized
simple domain configurations.

The single slice was assumed to be of CuAus, six
unit cells thick in the beam direction, which was parallel
to [001]. In the x and y directions it was assumed that
out-of-phase domain boundaries, with random inter-
domain shifts, occurred regularly every three unit cells.
In the z direction a domain boundary was assumed to
occur perpendicular to the z axis, half-way through the
slice, separating two perfectly ordered domains of three
unit cell thickness each, The four forms which such
a domain boundary could take are, (1) no relative dis-
placement of the columns of copper atoms, i.e. no
anti-phase boundary; (2) a relative translation of col-
umns of copper atoms by (a/2,a/2,0), i.e. a ‘good’ type;
(3) and (4), ‘bad’ type boundaries with translations,
(a/2,0,a/2) and (0 a/2,af2), not in the x—y plane.

Such domain sizes are of the same order of magni-
tude as the average domain size which must be postu-
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lated in order to give short-range order coefficients ap-
proximately in agreement with experimental results on
Cu;Au not far above the critical temperature (Moss,
1965). The slice thickness involved is probably too
great for accuracy in #-beam calculations, but may be
assumed to give at least a rough indication of the mag-
nitudes of dynamical effects to be expected.

The special shape assumed for the domains simpli-
fied the calculation of diffuse intensities considerably,
since the only peaks which could occur from the pro-
jection of the columns of atoms in the slice were f;,
S5 and fs and also intensities from domains separated
in the x and y directions were additive.

The two cases of particular interest for assessing the
differences of dynamical and kinematical scattering
behaviour are the case (1) above with no copper trans-
lations, and the case of random phasing across the
domain boundary in the z direction. For kinematical
scattering the diffuse intensity is proportional to the
thickness of the domain in the beam direction so that
the diffuse intensity should be twice as great for the
first of these cases as for the second. This may be
approximately so for dynamical scattering but it is to
be expected that differences in principle between dy-
namical and kinematical scattering would show up be-
cause the complex f, do not vary linearly with n, so
that f3#3(fo+/s)-

The values of the complex peak scattering factors,
S, were evaluated using a computer program developed
by P.A.Doyle for evaluating complex scattering fac-
tors for individual atoms. Computer programs were
developed to calculate diffuse intensities and used to
give intensity values along the lines (1,»,0) and (3,v,0) in
reciprocal space for small intervals of the coordinate, v.

Because the magnitudes and angular variation of the
complex peak scattering factors, fp, are markedly dif-
ferent from the kinematical scattering factors, it is con-
venient to calculate diffuse scattering intensities by
using a sort of pseudo-kinematical expression involving
the f, thus

I'=PUs=f) 3=/ Z { Z mimlN} exp 2ni(ed
lﬁ) _f nlz__ I
N2|fAu —fCu|2 +fdn -

For the case of no domain boundary within the slice,
this expression with f, =f; is identical with the dynam-
ical intensity, Jayn, given by equation (9). The angular
variation of the ratio Iyyn/Jxin for this case is shown
in Fig.2.

The absolute magnitude of the diffuse intensity cal-
culated dynamically is roughly an order of magnitude
less than the kinematic value. This follows because the
peak scattering factors, f, are smaller in magnitude
and vary less rapidly with the atomic number of the
contributing atoms than the kinematic scattering fac-
tors for the same number of atoms. The ratio of dy-
namical and kinematic values varies strongly with scat-

+om)}= (16)
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tering angle in a manner reminiscent of the modulation
of intensities of gas diffraction patterns resulting from
the varying phase differences of the complex atomic
scattering factors of unequal atoms.

For the other cases considered, involving good, bad
or random phasing at the domain boundary, the large
differences between the complex peak scattering factors,
Jfa, and the kinematical scattering factors are similarly
important and account for the major part of the dif-
ference between dynamical and kinematical intensities.
The remaining part of the difference is expressed by
the value of the ratio Jayn//’.

In the vicinity of the (100) reciprocal lattice point
this ratio is 0-84 for the case of a good domain bound-
ary and also for both cases of bad domain boundaries.
For random phasing the ratio is 0-91. In each case the
value is only weakly dependent on the scattering angle,
and does not vary by more than five per cent for
(sin @)/4 values out to 0-7.

The positions of maxima and minima and the general
shape of the diffuse scattering distributions in reciprocal
space are very nearly independent of the model chosen
and are close to the kinematical predictions. This is to
be expected since these are determined almost entirely
by the domain shapes and sizes in the x and y directions
which were assumed to be the same in all cases.

On the other hand, some deviations from the form
of the kinematical diffuse scattering can occur under
the special circumstances created by zeros in the con-
tributions from particular models. For example, if the
domain boundary in the z direction is good there will
be zero intensity at the points (1,0,0) and (0,1,0) but
for no domain boundary these is a maximum at each
of these points. The differences in peak scattering fac-

(i)

015 ¢

010 4

005

A

Fig.2. The variation of the factor I’/Ixin=|fo—fs|2/(fa—f8)2,
which modulates the dynamical intensities, with (sin 8)/4.

o 02 o4 06 fsns
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tors for these two cases lead to the result that for equal
probabilities of no mistakes and good mistakes, the
ratio Iqyn/I" differs by about ten per cent for the (100)
and (110) peaks as shown in Fig.3.

Although it has been shown that, for the special
models considered, there are differences in diffuse inten-
sities other than those directly attributable to the dif-
ferences between the kinematical and complex peak
scattering factors, the above results suggest that the
derivation of information from diffuse scattering, other
than that provided by kinematical diffraction experi-
ments, may depend on the detection of relatively small
variations in intensities. It remains to be seen whether
the n-beam dynamical interactions occurring in crystals
of greater thickness will enhance or reduce these varia-
tions.

Diffuse intensity from a crystal

In order to calculate the effects of n-beam dynamical
interactions on the diffuse scattering, and so get the
diffuse scattering from the whole crystal, we make use
of the generalization of the dynamical factor idea, as
outlined in part I. We consider first the relatively simple
case that the diffusely scattered radiation from any
slice suffers multiple scattering by Bragg reflexions but
is not again diffusely scattered, i.e. we ignore multiple
inter-slice diffuse scattering.

As before we write the scattering from a slice, for
u#0,

F(u)= X Z fm exp {27iu . rpi}
m i

= X fmCm(u),

where f3, is given by (6) and the vectors rps specify
the sites of the peaks with scattering factors fn. If we
assume an amplitude of scattering fi,(us) for the nth
slice of the crystal, the diffuse scattering produced out-
side the crystal, calculated by applying #n-beam dynam-
ical theory separately for each v vector, where u=h+yv,
as in part I, is written ¥ma(u). This calculation does
not allow for multiple diffuse scattering. Adding the

Intensities
(Arbitrary Units)

r—

0 -
(10,0

{1v.0)

(11,0

Fig.3. The variation of Iayn and I’ along the line from the
(1,0,0) to the (1,1,0) reciprocal lattice point, resulting from
the non-linearity of the complex peak scattering factors,
Jfa, in the case of fifty per cent ‘good’ type horizontal
domain boundaries. I’ is calculated with the use of the
approximation f3=34(fo+fs). The dotted curve shows the
contribution from the domains with a ‘good’ boundary.
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amplitudes for all slices, the total diffuse scattering
amplitude for the crystal is then

Y)= I I Cun(u) ¥ma(u) ,
m n
and the intensity distribution is
Iwy= 222X Cun)C, ) ¥ na(u) ¥} (u) .

m n p q

But
CmnCoy= X exp {27miu. Tnnt} . 2 exp {—27iu . rpgs}
i j

=P X P(mn,pq,i) exp {2zin. 1},

where P(mn,pq,i) is the probability that the peak of
scattering power fp in the g slice will be displaced
laterally by a vector r; from a peak of scattering power
Jfm in the n slice.

Putting

P(mn,pq,i)=Mp[l +y(mn,pq, i) MnMy] ,
the intensity expression then becomes

IW=P 2 25 Z MuMp¥nn(u)¥? (u)

m n p g

Z exp {2miu . r}

+P 222 Z ¥nn(W)¥(u) 2 y(mn,pq,i)
m n p q i

(18)

where the first term represents the Bragg peaks which
may be calculated by the usual z#-beam dynamical,
perfect-crystal technique, with structure factors modi-
fied by absorption, and the second term represents the
diffuse scattering in which we are now interested. Since
we assume that there is no correlation of the deviations
from the average lattice between slices, it follows that
y(mn,pg,i)=0 unless n=g. Also we may assume the
correlation parameters to be the same in all layers, so
we may put y(mn, pn,i) =ymp;, and the diffuse intensity
term becomes

ls)=P X 2 X ¥ua(W¥5,(0) 2 ympt €xp {2miu . 1},
’ (19)
=P X Z fof; Dmp() £ ympt exp {2niu . 14} . (20)
m p 1

exp {2nin . 14},

This is then identical with the expression in (9) for the
diffuse intensity for a single layer except for the inser-
tion of the dynamical factors

Dy p(w)= nZ Yma(W) SV:n(“)/f m()f, : ().

In order to calculate the diffuse intensity it is thus
necessary to calculate separately the dynamical factors
or, more directly, the sets of functions ¥ma(u). This
of course involves a great deal of computation, but
once it has been accomplished the diffuse intensity cor-
responding to different sets of order parameters ympi
can be evaluated readily.
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Multiple inter-slice diffuse scattering

The deviation from kinematical diffuse scattering with-
in a slice implies that multiple coherent diffuse scat-
tering terms are appreciable within the range of atomic
correlations. Under these circumstances it seems pos-
sible that the multiple incoherent diffuse scattering
terms representing repeated scattering between uncor-
related regions of the crystal may also be appreciable.
Such terms have been considered briefly in part 1.

The calculation of such multiple inter-slice diffuse
scattering would appear to be very complicated and
prohibitively lengthy unless some severe approxima-
tions are made.

One possible basis for approximation is the assump-
tion that the dynamical factors, Dpuy(u), are indepen-
dent of crystal thickness. It has been shown by Fisher
(1965, and private communication), for the case of
kinematical scattering within a slice, that for a given u,
the dynamical factor D(u) usually changes rapidly at
first with increasing thickness and then oscillates
about some limiting value. For copper-gold alloys the
oscillations have a periodicity of about 100 A or less.
Hence if we deal with relatively thick crystals it is a
good assumption in this case to take D(u) as a constant
when considering higher-order terms.

On this basis we may write the intensity for single
diffuse scattering, given by (20), as

N
IP@)=NIjw)= X I),
n=1
i.e. we assume that each slice, from 1 to N, gives the

same contribution, /3(u), to the final diffuse scattering.

Acta Cryst. (1968). A24, 336

DIFFUSE SCATTERING IN ELECTRON DIFFRACTION PATTERNS. II

Then the second order term, corresponding to double
diffuse scattering is

N N
IP(u)= S 2 IYwy) 2 I9(u—uy)du,
n=1 r=n
~IN2Y(u)+I(a) ,

and the total diffuse scattering will be
Ig(n)= X I9(u)

~F[exp {F1w)}—1]. 20

On this basis the total effects of multiple inter-slice
diffuse scattering could be calculated without a great
deal of additional computation.

The authors wish to express their gratitude to A.P.
Pogany for helpful comments, and P.A.Doyle and
P.S.Turner for assistance with the calculations. The
work was supported by a contract from the Australian
Atomic Energy Commission.
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Correction for Second-Order Diffuse X-ray Scattering in the Determination
of the Elastic Constants of Crystals
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A new and improved method of allowing for second-order thermal diffuse X-ray scattering, close to
a reciprocal-lattice point, is proposed; an appropriate equation for first- and second-order contribu-
tions is matched, by the method of least-squares, to the experimentally measured scattering data.
A program was written for the I.C.T. 1905 computer and some K[4BC)ux: values for KCl were com-

pared with those previously reported.

Introduction

Several investigators have shown that measurement of
the thermal diffuse scattering of X-rays close to a
reciprocal-lattice point provides values for elastic con-

stants, which are — at least for cubic crystals — com-
parable to those found by other methods (Wooster,
1962). The diffuse intensity, due to the thermal motion
of atoms within the crystals, may be considered as a
sum of contributions from multiple photon-phonon



